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SECOND-ORDER SUBGRADIENTS OF
CONVEX INTEGRAL FUNCTIONALS

MOHAMMED MOUSSAOUI AND ALBERTO SEEGER

ABSTRACT. The purpose of this work is twofold: on the one hand, we study
the second-order behaviour of a nonsmooth convex function F' defined over a
reflexive Banach space X. We establish several equivalent characterizations of
the set 92 F(Z,7), known as the second-order subdifferential of F' at Z relative
to y € OF(Z). On the other hand, we examine the case in which F' = Iy is
the functional integral associated to a normal convex integrand f. We extend
a result of Chi Ngoc Do from the space X = L‘%d (1 < p < +00) to a possible
nonreflexive Banach space X = L% (1 < p < 400). We also establish a
formula for computing the second-order subdifferential 921 £ (Z, 7).

1. INTRODUCTION

There is a very rich literature devoted to the study of convex integral functionals
of the form

xexHq@yZAf@umM@)

Such functionals arise very often in the formulation of variational problems, and
have received a great deal of attention since the late sixties. Rockafellar’s formula
[Ro2, Ro3] for computing the Legendre-Fenchel conjugate (I7)* and the subdiffer-
ential mapping 01 are now well known and widely used. Bustos’s characterization
[Bu] of the e-subdifferential mapping 0.1y has also found several interesting appli-
cations. The problem of the convergence of a sequence {Iy, }nen of convex integral
functionals has been explored by authors like Joly and de Thelin [JT] and Salvadori
[Sa).

This paper is concerned with the second-order analysis of I;. The case of a
smooth integrand f has been studied by Borwein and Noll [BN], and Noll [Nol,
No2], among other authors. However, there is still a lot of room left for the explo-
ration of the nonsmooth case.

Information on the second-order behaviour of I around a given point T can be
obtained by taking a limit of the form

(1.1) 7@ 75e) =« lim 707 L4(F, 75 0),
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where
2 [Iy(T+th) — I§(T)

0P Ly(m, 5 h) = < :

- <yv h>

represents a second-order differential quotient, 7 is a particular subgradient in
0I¢(T), and (g, -) is the corresponding continuous linear form on X. The expression
(1.1) represents a (generalized) second derivative of Iy at T relative to §. It depends
of course on the convergence notion used in the definition of the limit.

Recently, Chi Ngoc Do established in his thesis [Dol] a formula for computing
I% in terms of the (generalized) second derivative of the function f(s,-). Do’s result
can be considered as the starting point of our work.

The organization of the paper is as follows. In Section 2 we establish some
results concerning the second derivative F”(Z, ;) of a general convex function F’
defined over a reflexive Banach space X. In fact, we focus our attention toward
a “dual” concept associated to F”(Z,7; -); namely, the second-order subdifferential
O?F(Z,7). Section 3 concerns the case in which F is a convex integral functional.
We extends the result of Do from the space X = L, (1 < p < 400) to a possible
nonreflexive Banach space X = L% (1 < p < 400). We also establish a formula
for computing the second-order subdifferential 9% (Z,7). Section 4 is left to the
discussion of two important applications.

2. SECOND-ORDER SUBGRADIENTS OF CONVEX FUNCTIONS

Throughout this section X denotes a reflexive Banach space with topological
dual X*, and (-, -) stands for the canonical pairing between X and X*, i.e.,

(y,z) :==y(z) forallye X* z e X.

We are concerned with the study of the second-order behaviour of a proper convex
function F: X — RU {400} around a given point T in its effective domain

domF :={z € X: F(x) < +o0}.
Recall that the first-order behaviour of F' around 7 is reflected by the set
(2.1) OF () :={ye X*: F(x) > F(Z) 4+ (y,x — T) for all x € X},

known as the subdifferential of F' at T. The elements y in JF(T) are called sub-
gradients of F' at T. In order to calculate the subdifferential of F', it helps some-
times to work with the Legendre-Fenchel conjugate of F', which is the function
F*: X* - RU {400} given by

F*(y) = Sgg{(y,@ — F(x)} forallye X™.

The following standard result can be found, for instance, in the books by Barbu
and Precupanu [BP, Chapter 2.2], and Rockafellar [Rol, Theorem 23.5].

Proposition 2.1. Let F: X — RU{+o0} be a proper convex function. Then, the
following three conditions are equivalent:

(2.2) y € OF (x);
(2.3) F*(y) + F(z) — (y,2) < 0
(2.4) F*(y)+ F(x) — (y,z) = 0.
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If in addition F is lower-semicontinuous, then all these conditions are equivalent
to the following one:

(2.5) x € OF"(y).

From now on we assume that F: X — R U {+o0} is a proper convex lower-
semicontinuous function. In short, F' belongs to the class I'g(X).

Second-order information on the behaviour of F' around the point 7 is in gen-
eral more difficult to obtain. First, we have to pick up a particular subgradient
7 in OF(T), and then we have to examine what happens with the second-order
differential quotient

(2:6) ey n = | TN E@ g

as the increment ¢ tends to 0F. In this paper, the convergence of the family of
functions {02 F (T, ¥; ) b0 toward a limit function F”(Z,7;-) will be understood in
the sense of Mosco. As pointed out by Do [Dol, Do2], this type of convergence
yields a second-order derivative concept which has good duality and variational
properties. To make this paper self-contained, we start by recalling:

Definition 2.1. Let R denote the set of extended real numbers, iLe., R=RU
{00, +00}. A sequence {¢n}nen of functions ¢, : X — R is said to converge in
the sense of Mosco toward the function ¢: X — R if for every h € X, one has

(2.7) V{h,} % h, @(h) < liminf @, (h,),
(2.8) I{hn} > h, w(h) > limsup ¢, (hy,).

A family {¢;}s~0 of functions ¢;: X — R is said to converge in the sense of Mosco
toward ¢: X — R if for every {t,} — 0T, the sequence {(;, }nen Mosco converges
toward . In such a case one writes ¢ = M-lim;_,o+ ¢, and one says that ¢ is the
Mosco limit of the family {¢:}+>o0.

The symbols = and = have been used in Definition 2.1 to denote, respectively,
the convergence with respect to the weak and strong topologies in X. If X is finite
dimensional, then both topologies coincide and the Mosco convergence is nothing
but the so-called epigraphical convergence. General properties of Mosco limits can
be found, for instance, in the original papers by Mosco [Mol, Mo2], or in the book
by Attouch [At]. All that the reader needs to know about Mosco limits of second-
order differential quotients can be summarized in the following proposition.

Proposition 2.2. Let F € Ty(X) be finite at T € X, and let y € OF (T). Suppose
that the Mosco limit

(2.9) F'(@,7;-) := M- lim 67F(Z,7; )
t—
exists. Then, there is a unique nonempty closed convex set C' in X* such that
2
(2.10) F"(z,y;h) = [Sup(z, h}] for all h € X.
zeC

Moreover, the set C' contains the origin 0 € X*.

Proof. Just observe that F”(Z,7;-) is a nonnegative convex lower-semicontinuous
function satisfying

F"(%,7;0) = 0 and F"(Z,7; ah) = o*F"(Z,7; h) for all & > 0 and h € X.
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By taking the square root of F”(Z,7;-) one gets a proper lower-semicontinuous
sublinear function. To complete the proof it suffices to apply Hérmander’s theorem
[Ho]. O

If one takes into account Proposition 2.2, it is clear that the above set C' plays
an important role in the second-order analysis of the function F. An explicit
characterization of this set is given in the next definition.

Definition 2.2. Let F' € T'o(X) be finite at T € X, and let § € F(Z). If the
Mosco limit F”(Z,7;-) exists, then the set

(2.11) O*F(T,7) ={z € X*: (z,h) < [F"(Z,7;h)]"/? for all h € X}

is referred to as the second-order subdifferential of F' at T relative to . Each
element z in 9?F(7,7%) is called a second-order subgradient of F' at T relative to .

The expression (2.11) is not entirely new. A variant of the set (2.11) can be
obtained by using pointwise convergence ([Hi], [Sel], [HS1], [HS2], [HS3]). In a
finite dimensional setting, the Mosco limit (2.9) coincides with the epigraphical
limit

F"(2,7;-) = epilim 67 F (T, 7; )
t—0+
introduced by Rockafellar [Ro4, Ro5, Ro6]. The associated set (2.11) has been
studied in [Se2], [Se3], [Se4], and [Pe].

In the same way as Seeger [Se4, Theorem 4.1] did in a finite dimensional con-
text, we characterize now the second-order subdifferential 9> F(%,%) in terms of the
Mosco limit of a family of sets {8ﬁ]F(E, ) }e>0 in X*. Each set in this family is
defined by
ok (@) -7y

t )
and is regarded as an approximate second-order subdifferential of F' at T relative to
y. Here

(2.12) O F(T,7) =

(2.13) oy F(T) = {y eX": F'(y)+ F@) — (y,T) < g}

corresponds to an approximate (first-order) subdifferential of F' at T. Observe that
the set (2.13) is obtained by setting e = t2/2 in the definition of the classical
e-subdifferential

OF(T):={ye X*: F(z) > F(T) + (y,x —T) — e for all x € X}.

Before stating the main result of this section, we recall the concept of Mosco
convergence of sets in X*, and prove a technical lemma concerning the Mosco
convergence of sublevel sets.

Definition 2.3. A sequence {5, }nen of subsets in X* is said to be Mosco conver-
gent if the weak upper limit

w-limsup Sy, := {z € X*: I np}ren, H2n} = 2 with 2, € Sy, for all k € N}
coincides with the strong lower limit

s-liminf S, := {z € X*: {2,} > 2 with 2, € S, for n sufficiently large}.
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The common value is then denoted by M-1im S,,. A family {S;}:~o of subsets in
X* is said to be Mosco convergent if for every {¢,} — 07, the sequence {S¢, }nen
is Mosco convergent. In such a case the Mosco limit M -1im S;, does not depend
on the choice of {t,} — 0, and is denoted simply by M- lim,_,q+ S;.

The first part of the next lemma seems to be a new result. It was suggested
to us by Michel Volle (Avignon), to whom we express our acknowledgement. The
second part is taken from Mosco [Mo2, Lemma 3.1]. The notation

{g<a} ={ze X": g(z) <a}

refers to the sublevel of g associated to the height a € R. Of course, {g < a}
is the corresponding strict sublevel set. Several authors have studied the conver-
gence of functions in terms of the convergence of their sublevel sets. Variants of
Lemma 2.1 can be found, for instance, in Beer and Luchetti [BL, Theorem 5.1],
Beer, Rockafellar, and Wets [BRW, Theorem 3.1], and Soueycatt [So, Corollary
2.6).

Lemma 2.1. Let {gn}nen be a sequence of extended-real-valued functions defined
on X*, and let g be another such function. Then, the following statements are
equivalent:

(2.14) {gn}tnen Mosco converges toward g;

for all a € R, one has
(2.15)

w-limsup{g, < a} C {g<a} and s-liminf{g, <a} D {g<al.

Moreover, if {gn}nen Mosco converges toward a convex function g, and if « is
strictly greater than Inf x« g, then

M -lim{g, < a} = {g < a}.

Proof. The lemma obtains from more abstract convergence results stated without
proof in [Vo]. For the sake of completeness we give here a detailed proof of the first
part of the lemma. Let us start with the implication (2.14)=-(2.15). Suppose that
{gn} Mosco converges to g, and let « € R. If 2z € w-limsup{g, < a}, then there
exist a subsequence {ny}nen and a sequence {23, }ren — 2 such that 2 € {gn, < a}.
Clearly, one has

(2.16) limkinf gn,, (21) < .

Moreover, the Mosco convergence of {g,} toward g allows us to write
(2.17) g(z) < limkinf In,, (21)-
By combining (2.16) and (2.17), one gets g(z) < «. In this way, we have proven
that
w-limsup{g, < a} C {g < a}.

Now take z in {g < a}. Since {g,} Mosco converges to g, there exists a sequence
{z.} 2 2z such that lim,, g, (2) < g(z). Since g(z) < q, it is clear that g,(z,) < «
for all n sufficiently large. In this way, we have proven that

{g < a} C s-liminf{g, < a}.
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Consider now the reverse implication (2.15)=(2.14). Let z € X* be arbitrary.
First, we prove

(2.18) Y{z,} 5 2, 9(z) <liminf g,(zp).

Take {z,} — z and suppose that the above inequality does not hold. This means
that

(2.19) g(z) > B > liminf g, (zy,)

for some 3 € R. Now take a subsequence vy := z,, such that

hlgn gny, (vk) = liminf gn('zn)

Clearly, vy, — z and vy, € {gn, < B} for all k sufficiently large. In fact, we can
suppose that the later condition holds for all £ € N. Hence, z belongs to w-
lim sup{g, < 8}. By assumption, the later set is contained in {g < 8}. One gets
in this way ¢(z) < /3, which contradicts (2.19). Now, we prove that

(2.20) I{z,} > 2z such that g(z) > limsup g, (z,).
If g(z) = +00, then there is nothing to prove. Otherwise, we set, for all k € N\{0},

ap = g(z) + k71 if g(2) €R,
-k if g(z) = —oo.

Hence, z belongs to {g < ax}. By assumption, the later set is contained in s-
liminf, {g, < ar}. Consequently, for each k& € N\{0}, there exists a sequence
{zF}en 2 2 such that 2F € {g, < a3} for all n sufficiently large. According
to a standard diagonalization procedure, there exists a strictly increasing func-
tion ¢: N\{0} — N\{0} such that z, = z£™ = 2. Since gn(z,) < Qy(n) and
lim,, ay(n) = g(2), it follows that limsup g, (2,) < g(z). Condition (2.20) is proven
in this way. The proof of the implication (2.15)=(2.14) is now complete. O

Now we are ready to extend Seeger’s result [Se4, Theorem 4.1] to an infinite
dimensional context. In fact, the proof of (2.22)=-(2.21) is entirely new, since this
implication does not appear in [Se4].

Theorem 2.1. Let F € T'o(X) be finite at T € X, and let y € OF(x). Then, the
following conditions are equivalent:
(2.21) the Mosco limit F"(T,7;-) exists;
(2.22) the family {8[2,5]F(T, ) b0 is Mosco convergent.
Moreover, under the above equivalent conditions, one can write
(2.23) &*F(T,7) = M- lim 97 F(T,7).
t—0t

Proof. As observed by the second author in [Sel, Proposition B.4.7] and [Se4,
Proposition 2.2], the approximate second-order subdifferential 5[2t]F (T,7) can be
expressed as a sublevel set involving the second-order differential quotient
2 [F*(y+tv) — F*(y
61£2F*(y7 T;’U) = ? (y + ’l;) (y) _ <’U,f>

Indeed, one can write
(2.24) O F(@,y) ={ve X*: 67 F (y,70) <1} forallt>0.
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Thus, we are concerned with the Mosco convergence of a family of sublevel sets.
Lemma 2.1 will be, in this respect, of great help. Assume first that the Mosco limit
F"(z,5;) = M- lim 6F(7,7;)
t—0t
exists. As noticed by Do [Do2, Theorem 2.5], from the equality
30 F* (7,7 0) = [36, F(@,7; )] (v)
and Wijsman-Mosco’s theorem on the continuity of the Legendre-Fenchel transform
(cf. [Mo2, Theorem 1]), one deduces the existence of the Mosco limit
(F*)"(3,7;) = M- lim 6;F"(7,7; ).
t—0
Since

K\ (= =, _
1>'UIEI}£*(F) (y,J?,U)—O,

the second part of Lemma 2.1 yields the Mosco convergence of the family 8[2t]F(E, 7)
toward the set

C:={veX*: (F"'(y,z;v) <1}

In this way we have proven that (2.21) implies (2.22). Assume now that (2.22)
holds. To prove (2.21) we will examine the sublevel set

Ai(a) = {v € X*: 62 F*(5,7;v) < al.

Since {02F*(7,7; ) }+>0 is a family of nonnegative functions, it suffices to consider
the case a > 0. For the height a = 1, we know that A;(1) = aﬁ]F(f, 7) Mosco
converges. The Mosco limit

D :=M- lim 8% F(z,7
ti%g (] (T.7)
is necessarily a closed convex set in X* which contains the origin 0 € X*. Thus, D
can be expressed as the sublevel set
D={g<1}

where

2
g(v) = [Sup (u, v)] for all v € X™,
ueDO

and
D :={uec X: (v,u) <1 forall v € D}

denotes the polar set of D. For a height « > 0, one can write

* * [ — = 1
Ai(a) = {v € X™: (53/5tF (y,x; ﬁv> < 1}
=Va{ve X*: 63/&F*@,T;v) <1}
= VaA /(1)
Thus, the Mosco limit
M- lir(r)l+ Ai(a) = VJaM- li%l+ A1) =Va{g<1}={g<a}
t— T—
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exists as well. Finally, consider the height « = 0. Since {g < 0} is empty, the
inclusion

s-liminf A4;(0) D {g < 0}
t—0+

trivially holds. To cover all the possible cases in statement (2.15) of Lemma 2.1, it
remains only to check the inclusion

w-limsup 4,(0) C {g < 0}.

t—0+
Observe that
A4 (0) = {v e X*: 62F*(y,T;v) < 0}

={veX": F*(g+tv) — F*(g) — t{v,T) <0}

={veX": F'(y+tv) + F(T) — T+ tv,T) <0}

={veX":y+tvedF(T)}.
In other words,

Ar(0) = [0F () —7]/t.

For any n > 0, one has

A4(0) C [0 F(z) =71/t = 0 O F (@, 7),
and therefore,

w-limsup 4;(0) C w-limsupn - 8[277“ F(z,7).
t—0+ t—0+

Since the family {8[277t]F(T, 7)}+>0 Mosco converges toward {g < 1}, one can write

w-limsup 4,(0) C n{g < 1}.

t—0t
Since 1 > 0 was arbitrary, one finally gets
w-lim sup 4;(0) C ﬂ n{g <1} ={g <0}.

t—0t >0

Thus, by applying Lemma 2.1, one ensures the existence of the Mosco limit
(F*)'(y,Z;-). The existence of F"(Z,7;-) follows then by duality arguments as
in Do [Do2, Theorem 2.5].

Finally, we need to check that formula (2.23) holds. To see this, observe that

C={veX*: (F") (y,z;v) <1}

={ve X*: o[v;0*F*(7,7)] < 1}

=[0°F*(,7)]",
where the notation of-;9?F*(y,Z)] refers to the support function of the set
O0?F*(y, ). Similarly, one has

{heX: F'(z,5:h) <1} = [0*F(z,7)]".
It remains now to prove that the set {(F*)" (g, T;-) < 1} is the polar of { F"'(Z,7; ) <
1}. But this follows by applying Lemma A in the appendix to the case s = 2 and
b= LF"(Z.F:-). O
We record next a result whose proof has been implicitly given in the demonstra-

tion of the previous theorem.
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Proposition 2.3. Let F € T'o(X) be finite at T € X, and let y € OF(T). Then,
the Mosco-limit F"'(Z,7; ) exists if and only if the Mosco limit (F*)" (Y, ;) exists.
In such a case, the functions F"(§,T;-) and 5(F*)"(y,T;-) are conjugate to each
other (cf. [Do2, Theorem 2.5]), and the sets O°F(T,7y) and 0*F*(y,T) are polar to
each other (cf. [Se3, Lemma 4.6]).

There are several ways of characterizing the Mosco convergence of a family

{Ct}t>0 of sets in X*. One can use, for instance, the support function
h e X — olh;Cy] .= Sup{{v,h): v € C}
associated to each C;. For the particular case C; = aft]F(E, y), it is clear that
Fl(z;h) — (y,h
olh; 93 F(z,7)] = a 1 G o all e X,

where Fj (7; ) := o[; 0y F'(Z)] stands for the approzimate directional derivative of
F atz.

Corollary 2.1. Let F € T'o(X) be finite at T € X, and let y € OF(T). Then, the
Mosco limit F"(T,y;-) exists if and only if the Mosco limit

Fiy (@) — (¥, )
_ . ¢ \Ls )
2.25 AF ;) =M- lim ————
(229 (@) = M- Jim =
exists. In such a case one has:
(2.26) F"(Z,5;h) = [AF(Z,5;h))> for allh € X.
Proof. Just combine Theorem 2.1 and [Mo2, Theorem 3.1]. O

A second way of characterizing the Mosco convergence of a family {C}}¢~¢ is by
using the distance function

z€ X" d(z;C) :=Inf{]|]z — v||«: v € Ct}

associated to each Cy C X*. Here || - ||« stands for the dual norm in X* associated
to the norm || - || in X. Recall that a normed space (X, || - ) is Kadec if for all
{x,} C X such that ||z,| — |z| and x, = z, one has z,, > x.

Corollary 2.2. Suppose the reflexive Banach space (X, | - ||) is Kadec. Let F €
To(X) be finite at T € X, and let § € OF(x). Then, the following statements are
equivalent:

(2.27) the Mosco limit F"(Z,7;-) exists;

there is a nonempty closed convex set C C X* such that

(2.28) for all z € X*, lir(ng+ t7'd(y + tz; 0 F(T)) = d(2; C).
t—

When these equivalent conditions hold, one has
(2.29) C=0°F(z,7) ={2c X*: m& t7rd(y + tz; Oy F(T)) = 0}.
t—
Proof. Condition (2.27) is equivalent to the Mosco convergence of the family

{8[2t]F (Z,7)}t>0. According to [BF, Theorem 3.4], the later condition amounts
to the existence of a nonempty closed convex set C' C X* such that

(2.30) tl_i)]%l+ d(z; 8[2ﬂF(T, 7)) =d(z;C) for all z € X™.
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But, a straightforward calculus shows that
d(z O F(@.7) = Wnf{ |2 — (=)l v € Oy F(@)}
=t ' Inf{||[g+ tz — v|.: v € Oy F(2)}
=t~y + tz; 0y F(T)).
The equivalence between (2.27) and (2.28) is proven in this way. Of course, the

set C corresponds to the Mosco limit of the family {8[%]F(E, Y) ht>o0. Thus, (2.29)
follows from Theorem 2.1 and the expression for d(z; C) given in (2.30). O

A third way of characterizing the Mosco convergence of a family {C }¢~¢ is based
on the projection mapping

z € X* +— P(z;C}) = the point in C; which is nearest to z.

Such a characterization applies only when the space X has some additional struc-
ture.

Corollary 2.3. Let X be a reflexive Banach space such that both X and X™* are
strictly convex and Kadec. Suppose F € T'o(X) is finite at T € X, and g € OF (T).
Then, the following statements are equivalent:

(2.31) the Mosco limit F"(Z,7;-) exists;

there is a nonempty closed convexr set C C X™* such that

(232) a2 e x, lim ¢~ [P(7 + t2 0 F(@) — 7] = P2 O).
t—

When these equivalent conditions hold, one has

(2.33) C=0*F(z,7) ={zc X*: 11]%1+ t P+ tz; 0y F(Z)) — 7] = 2}
t—

Proof. According to [S, Theorem 2.3], the Mosco convergence of the family
{Bft]F (Z,7) }+>0 amounts to the existence of a nonempty closed convex set C' C X*
such that

(2.34) t£%1+ P(z;04F(T,7)) = P(2C) forall z € X*.

But, as a matter of calculus, one has
P(2;0F (T,7)) = t '[Py + tz: 0y F(T)) - 7).

This proves the equivalence between (2.31) and (2.32). As in the proof of Corol-
lary 2.2, the set C' is the Mosco limit of the family {aﬁ]F(E, 7)}e>o0. Thus, (2.33)
follows from Theorem 2.1 and the expression of P(z;C) given in (2.34). O

Now we come back to the general setting of a reflexive Banach space X, and
we look at the set 02F(7,y) from a different point of view. The purpose of the
next theorem is to show that under suitable assumptions, the set 9?F(Z,%) can
be expressed as the Minkowski sum of a cone T[7; 0F(Z)] and a “second-order
subdifferential” 92 F(Z) which does not depend on 3. Such type of representation
formula for 92 F(Z,7) has been established in [Sel, Proposition B.1.17] for the case
in which the convergence of second-order differential quotients is understood in
the pointwise sense. To continue with our discussion we need to introduce some
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notations. In what follows we assume for convenience that F' € I'o(X) is continuous
at Z. The notation

N[g;0F (@) ={he€ X: (y—7,h) <0forally € OF(T)}
refers to the normal cone to OF(T) at 7, and
Ty;0F (T)) ={2€ X": (2,h) <0 for all h € N[y; 0F (T)]}

is the tangent cone to dF(T) at .
A natural way of defining a second-order directional derivative D?F(%;-) is by
introducing the De la Valle-Poussin second-order differential quotient

520z h) % F(mﬂ? - F(z)

— DF(z;h)|,

where

is the usual first-order directional derivative. The pointwise limit
D*F(z;-) = lim 62F(T;-
(CL‘, ) t—1>r(§1+ t (CL‘, )7
if it exists, is a nonnegative function satisfying
D?F(z;0) = 0 and D*F(7;ah) = o*D*F(; h) for all @ > 0 and h € X.

Even if the function D?F(7;-) is not convex in general, one can always introduce
the set

(2.35) O*F(T) = {z € X*: (z,h) < [D?*F(z; h)]"/? for all h € X}.

Proposition 2.4. Let F € Tg(X) be continuous at T € X. Suppose that F is
second-order regular at T relative to y € OF (T) in the sense that

(2.36) lim inf S2F(Z,g;h) = lim 62F(Z,7;h) for all h € X.
t—0 t—0
Rk

Then, the Mosco limit F"' (T, ;) exists, and is given by

D?F(z;h) if h € N[;0F (T

+o0 if h € N[y; 0F(T)).
In particular, the second-order subdifferential 0*F(%,7) admits the inner estimate
(2.38) O*F(z,7) D 0*°F(z) + T[y; OF (T)).
If, in addition, D*F(T;-) is convex lower-semicontinuous, then one has the repre-
sentation formula

(2.39) O F(7,7) = cl{0°F(T) + T[y; OF (7)1},
where “cl” denotes the closure operation in X*.

Proof. To prove that {62F(%,7;)}+>0 is Mosco convergent, we take an arbitrary
{tn}nen — 01, and we show that {67 F(T,7;)}nen Mosco converges toward the
function

heXi—o(h) = lim 6G2F(F,5;h).
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Indeed, for all h € X and {hy }nen — h, one has
o(h) = 113 (i)r+1f 61 F(z,7; 1) < liminf 6] F(T,7; hn).
h%h
This proves the inequality (2.7) appearing in the definition of the concept of Mosco
convergence of functions. To prove the other inequality, that is to say (2.8), it
suffices to choose h, = h for all n € N. Thus, the Mosco limit F"(Z,7;-) exists,
and it is the function ¢. Now, a simple calculus shows that
D2F(z;h) if DF(T;h) = (y,h),
)= {—l—oo it DF(T;h) # (7, h).
To obtain formula (2.37) it suffices then to observe that
h € N[g;0F (z)] if and only if DF(Z; h) = (g, h).
To evaluate the set
O*F(z,7) = O[F"(T.5:)]'/*(0),
we write
[F"(@,5;)]'/* = [D*F(%;)]"/? + 4 ( N[g; OF (@),
where 1(+; C') denotes the indicator function of C' C X*. In this way, one obtains
the inclusion

0*F(z,5) D O[D*F(T;)]"/*(0) + 04 (; N[7; OF ()))(0)
= 0°F(z) + T[y; OF (7)),

and the representation formula (2.39) if D*F(T;-) is convex lower-semicontinuous.
(]

3. CONVEX INTEGRAL FUNCTIONALS

This section is concerned with the second-order analysis of a convex function I
having the following structure

(3.1) If(z) = /Sf(s,x(s))u(ds) for all z € LY,.

Such a functional Iy is usually referred to as the integral functional associated
to the integrand f. Some comments concerning the notation used in (3.1) are in
order. The set S is assumed to be a nonempty measurable space with o-algebra A
and finite complete positive measure p. The letter E denotes a reflexive separable
Banach space with topological dual E*. The canonical pairing between E and E*
is denoted by (-,-). In what follows we assume that

(3.2) f: S x E—RU{+400} is a normal convez integrand.

This means that f(s,:) € To(E) for all s € S, and f is A® B(E)-measurable, where
B(E) is the Borel tribe of E.

As customary, the notation LY, (with p € [1,+o00[) refers to the space of mea-
surable functions z: S — E such that s € S — |z(s)||’; is p-integrable. This space
will be paired with L%. by means of the canonical bilinear mapping

(y,z) := /S<y(s),x(s)>u(ds) forally € LL.,z € LE,.
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The number ¢ €]1, +00] is of course the conjugate of p, that is to say, g 1 +p~! =
1. L%. corresponds to the space of measurable functions y: S — E* such that
s € S |ly(s)|| g~ is p-essentially bounded (here || - ||g+ denotes the norm in E*
which is dual to the norm || - ||g in E).

To make sure that the functional I is proper, we posit

Va € LY, there exists a p-integrable function which minorizes

(3:3) se€ S f(s,x(s)),

(3.4) Jz € L%, such that s € S — f(s,z(s)) is majorized
' by some p-integrable function.

The first-order behaviour of the convex integral functional I is well known.
Take, for instance, T € dom Iy and consider the set

0I§(T) ={y € LY.: Iy(x) > I;(ZT) + (y,« — T) for all z € LY}

To check whether ¥ is a subgradient of I; at @ or not, it suffices to apply Rockafellar’s
rule [Ro3, Theorem 21]:

yeol;(T) < ye LY. and y(s) € 0f(s,ZT(s)) for a.e. s € S.

The notation 9f (s, Z(s)) stands for the subdifferential at Z(s) of the function f(s, -)
(subdifferentiation will never refer to the integration variable s).

Obtaining second-order information on the behaviour of Iy requires one to im-
pose additional assumptions on the integrand f. To compute the second-order
subdifferential 9%1¢(7,7), we start by forming the second-order differential quo-
tient

o 2 [I¢s(T+th)—I1+(T
e =2 [HEH 0t

t — (7, h>} for all h € LY.

A simple calculus shows that

521, (2.5 h) = I, (h) == /S oe(s, h(s))u(ds),

where

puls d)i= [f (02 +#0) - /(5.7

t - @(S),dﬁ for all (s,d) € S x E.

Thus, we need to examine under which conditions on f one can ensure the existence
of the Mosco limit

Mim 7 ) — BT
I{(z, 7)) =M t1_1>r(I)1+Lpt'

It is rather simple to check that ¢; is a normal convex integrand (cf. [Do2, Lemma
5.2]). Thus we can invoke the following technical lemma concerning the Mosco
convergence of integral functionals associated to normal convex integrands. Mosco-
convergence for integral functionals defined over L%, (1 < g < co) is understood
in the sense of Definition 2.1. However, when g = oo, the w-topology in (2.7) must
be changed by the w*-topology o(L%., LL), and the s-topology in (2.8) must be
changed by the Mackey topology 7(L%., L},).
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Lemma 3.1 (Salvadori [Sa, Theorem 3.1]). Let {gn}nen be a sequence of normal
convez integrands gn: S X E — RU{+oo}. Let g: S x E — RU{+o0} be another
normal convex integrand. Assume that

(3.5)  for all s € S, the sequence {gn(s, ") tnen Mosco converges toward g(s,-);

there exist a sequence {hp}nen n L}; and p-integrable functions o and (8

3.6

B0 uch that hn(s)ll5 < (), gals, hals)) < B,
there exists a sequence {vy tnen in L% and

(3.7) bounded measurable functions v and ¢

such that ||vn(s)|| g~ < (s), g (s,vn(s)) < 0(s).
Then, 1,, Mosco converges toward Iy, and Iz« Mosco converges toward Igs.

In the next theorem we give a formula for computing the Mosco limit [ }’ (Z,7; ).
This formula was established for the first time by Do in his doctoral thesis [Dol],
and published later in [Do2, Theorem 5.5]. However, Do assumes that E is a
finite dimensional space, and he excludes the case p = 1. Under these additional
assumptions one can apply a convergence theorem for integral functionals due to
Joly and de Thelin [JT, Theorem 1]. Salvadori’s result is an extension of [JT,
Theorem 1] which allows us to deal with the general case considered in this paper.

Theorem 3.1. Suppose the integrand | satisfies the basic assumptions (3.2)—(3.4).
Let Iy be finite at T € LY, and let j € L. be such that §(s) € 0f(s,Z(s)) for all
s € S8. Assume also that for all s € S, the Mosco limit f"(s,T(s),y(s);-) exists.
Then,

B8) @M = [ 530,56 hE)u(ds) for all he L,
and

(3.9) Il (y, Ty v) = A(f*)"(s,y(s),f(s);v(s))u(ds) for allv e L%..

Proof. As in [Do2, Theorem 5.5], we observe that ¢;(s,-) is a nonnegative function
which vanishes at the origin 0 € F. In the same way, its Legendre-Fenchel conjugate

u€ E" — ¢j(s,u) = Sup{(u,d) — ¢u(s, d)}
deE

is nonnegative and vanishes at 0 € E*. By applying Lemma 3.1 to the family
{¢t}t>0, one concludes that I,, Mosco converges toward the integral functional
associated to the normal convex integrand (s,d) € S x E — f"(s,%(s),7(s);d),
that is to say,

I¥(T,5;h) = [M- lim Lpt} (h) = /Sf”(s,f(s),y(s);h(s))u(ds) for all h € LY.

t—0+
The proof of formula (3.8) is then complete. Now we apply Lemma 3.1 to the family
{ %(pt}t>0. This yields, in particular, the Mosco convergence of I(%%)* toward the
integral functional associated to the normal convex integrand (s,u) € S X E —

(21" (s,2(s),7(s); )]* (w), ie.,
[M— lim I(%%)*} (v) = /S Ff”(s,i(s),y(s); )} (v(s))u(ds) for all v € LY.

t—0t 2
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To obtain formula (3.9) it suffices now to take into account two facts: on the one
hand
(3775, (s),7(s); )] (v(s)) = 5(f*)" (5, T(s), T(s); v(s)),

and, on the other hand,

Il
— o o

- 56;% (3.7:0).
Thus 3671 (¥, 7;-) Mosco converges toward the function

1
veLL — 5]}’ (7,7;v) = [M- Hm 1, ] (v)

t—0t

=5 [0V 6.3 las)

The proof of formula (3.9) is now complete. O

Corollary 3.1. Under the same assumptions as in Theorem 8.1, the functions
1[”(33 7;-) and ll}’* (¥, T;-) are conjugate to each other.

Proof. The conjugacy relationship between 1] "(Z,7;-) and 317 (¥, 7 -) follows from
Theorem 3.1 and Rockafellar’s result on the Legendre Fenchel ConJugate of a convex
integral functional ([Ro2, Theorem 2]). O

Theorem 3.1 serves also to establish a polarity relationship between the sets
0’14 (7,7) :={z € LL.: (2,h) < 11} (Z,7; h)]Y? for all h € LB}
and
I (7,7) = {w € Ly (v,w) < [I}.(7,T;v)]"/? for all v € LE.}.
Corollary 3.2. Under the same assumptions as in Theorem 3.1, the sets 0?1 (T, )
and 8%I¢+(y,T) are polar to each other.
Proof. First we write
15(@,y) = {I}(@,7;-) <1}° and &I;-(7,7) = {I}.(¥,7-) < 1}°.

Then, we combine Corollary 3.1 and Lemma A in the appendix. O

An important contribution of this paper is deriving a formula for the second-order
subdifferential %I (7, %) of the integral functional I; in terms of the second-order

subdifferential 62 f(s,Z(s),7(s)) of the integrand f. To write down this formula
one needs to introduce first the notation

A= {/\: S — R4 : A is measurable and /[)\(s)]2u(ds) = 1}.
s

Theorem 3.2. Under the same assumptions as in Theorem 8.1, one can write
(3.10)

O*I4(z,7) = cl [U {z € LL.: 2(s) € \(5)0*f(s,Z(s),7(s)) for a.e. s € S}] .

AEA
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Proof. According to Proposition 2.1, one has
f(5,%(s),7(s);d) = {o[d; Ag]}? foralld € E,
where
d e E v o[d; As] := Sup{(u,d): u € A}

stands for the support function of A, := 92 f(s,%(s),7(s)). Formula (3.8) amounts
to saying that

1} (@, g;h)]"? =1(y)  forall h e LY,
where
1/2
1) = | [ (olhe)s Ay (e
In other words, 9?1¢(Z,7) coincides with the support set associated to [, i.e.,
9*I;(z,y) = 0l(0) = {z € LL.: (z,h) <I(h) for all h € LY}

It remains now to obtain a more explicit expression for the above set. Since A,
contains the origin 0 € E*, the support function o[- ; A4] is nonnegative. Thus, one
can write

1(h) = Sup{lx(h): A € A},

where

In(h) = /S A(s)o[h(s); AuJu(ds) = / olh(s); M) As]u(ds).

S

A standard calculus rule on support sets allows us to write

(3.11) 21(0) = @ [U{ah(o): Ae A}} :
where
x(0) ={z € LL.: (z,h) <Ix(h) for all h € LY},

and “co” denotes the closed convex hull operator. Since [y is a convex integral
functional, we apply [Ro3, Theorem 21] to obtain

AlN0) ={z € LL.: 2(s) € \(s)As for a.e. s € S}.
Now, observe that the set on the right-hand side of (3.11) remains the same if one
changes the index set A by
N = {/\: S — R4 : A is measurable and /[)\(s)]Qu(ds) < 1} .
s

The later index set is convex, and this fact allows us to show that the operation
“co” is superfluous in (3.11). This completes the proof of formula (3.10). O

We end this section by examining Theorem 3.2 under the light of the representa-
tion formula (2.39) mentioned in Proposition 2.4. More precisely, we will see that in
some particular cases one can decompose 02 f(s,Z(s),7(s)) as the Minkowski sum
of the cone T[y(s); 0f(s,Z(s))] and the “second-order subdifferential”

9% f(s,T(s)) :={u € E*: (u,d) < [D*f(s,Z(s);d]"/? for all d € E},
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where D? f(s,%(s);-) stands for the (pointwise) second-order directional derivative
of f(s,-) at Z(s). This decomposition of 9%f leads to a similar one for 9*I;. In
fact, 821 +(Z,7) can be recovered from a component

(3.12) Qf(T) := U {z € LL.: 2(s) € \(s)0?f(s,Z(s)) for a.e. s € S},

AEA

which does not depend on %, and a conical component
(3.13) T¢(Z,g) :={z € LL.: z(s) € T[y(s); 0f(s,T(s))] for a.e. s € S}.

Corollary 3.3. Suppose the integrand f satisfies the basic assumptions (3.2)—(3.4).
Let Iy be finite at T € LY, and let 5 € LY. be such that §(s) € 0f(s,T(s)) for a.e.
s € S. Suppose also that

(3.14) for all s € S, f(s,+) is continuous at Z(s);
(3.15) forall s € S, f(s,-) is second-order reqular at T(s) relative to y(s).

Then, one has the inner estimate
(3.16) 0%1;(z,7) D ©olQy (7)) + Ty (7. ).
If, in addition, one assumes that

(3.17) for all s € S, D?f(s,%(s);") is convex lower-semicontinuous,
(3.18) for all h € LY, / D?f(s,(s); h(s))u(ds) < +oo,
then one has the representation formula
(3.19) O*1;(7,7) = cl[Qs (@) + Ty (7,7).
Proof. By combining Proposition 2.4 and Theorem 3.1., one obtains

I (Z,5:h) = /SD2f(s,f(s p(ds) / Y[h p(ds) for all h € L%,
where [ ; N;] denote the indicator function of the normal cone

Thus,

(3.20) (@ W12 = mi0) + [ olh(s)T.Julds)
S

where

- [ /S D2 f(s,7(s); h(S))u(dS)} -

and o[- ;Ts] denotes the support function of the tangent cone

The remaining part of the proof consists in evaluating d[I} (Z,7; ]*/2(0), the support
set associated to the sublinear function [I(Z,7; - )]/? given by (3.20). To compute

Om(0) we proceed as in the proof of Theorem 3.2, that is to say, we write

—Sup/ AS)[D2f (s, 7(5): h(s))]M2pu(ds).

AEA
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To compute the support set On(0) associated to

h e LY, — n(h) = /Scr[h(s);Ts],u(ds),

we apply Rockafellar’s formula [Ro3, Theorem 2.1]. One has in general
0*1¢(z,7) D Im(0) + dn(0),
with
om(0) > eoQr(T) and n(0) =Ty (T,7).
This proves the inclusion (3.16). Under the hypothesis (3.17) one can write

(3.21) O*I¢(z,7) = cl[0m(0) + dn(0)],
with
(3.22) 0m(0) = Q¢ (T).

If one adds assumption (3.18), then the function m: L¥, — R is continuous, and
dm(0) is a compact set in L. . Hence, the Minkowski sum dm(0)+ dn(0) is closed,
and formula (3.19) follows from (3.21) and (3.22). |

Below we illustrate Corollary 3.3 with the help of two elementary examples.

Example 3.1. Consider the convex integral functional

1
€ Ly I(z) = / slz(s)|ds
0
associated to f(s,-) =s|-|. If Z(s) =0 for a.e. s € [0,1], then
0Iy(@) ={y € Ly : |y(s)| < s for a.e. s € [0,1]} and Qf(T) = {0}.
Let § € LY be such that |g(s)| = s for a.e. s € [0,1]. Then,

0% f(s,7(s), 7(s)) = sgn(7(s))R- = {

and
O*1;(z,7) = Ty (7, 7) = {z € LY 2(s) € sgn(y(s))R_ for a.e. s € [0,1]}.

Example 3.2. Consider now z € L — If(z) = %fol s[z(s)]*ds. This time
f(s,) = % is smooth. For T as in the previous example, one has 0I;(%) = {7},
with § € Lg® given by 3(s) =0 for a.e. s € [0,1]. A simple calculus shows that

O f(s,%(s),9(s)) = [=V/5,V/s], and Ty (z,7) = {0}.
Thus

O*I4(%,7) = clQ(T) = cl lU {z € Ly: 2(s) € M(s)[—V/5, /5] for a.e. s € [0, 1]}1

AEA

=cl Hz € Ly: /01 s z(s)]%ds < 1H .
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4. APPLICATIONS

4.1. Integral functionals depending on a velocity vector. A very common
problem in calculus of variations is that of minimizing a cost term of the form

b
Cy(z) ::/ f(s,2(s))ds

over some set of admissible trajectories. Usually, the term trajectory is understood
as a function in a space like

Wi = {x: [a,b] — E: x is absolutely continuous and & € L%,}.

Here [a, b] is interpreted as a time interval, and z(s) € F represents the state vector
at time s. Observe that f does not depend explicitly on x, but on the velocity vector
#(s) € E. Asin Section 3, E denotes an arbitrary reflexive separable Banach space
(in most applications; however, F is just a finite dimensional Euclidean space, say
E =RM).

The question addressed in this paragraph is that of quantifying the second-order
behaviour of Cy around a given trajectory in W5. To answer this question, we take
advantage of the fact that C'r = I o A is the composition of the integral functional

b
(4.1) ue L — If(u) := / f(s,u(s))ds

and the linear operator
A: WE — L

4.2
(4.2) T — Ax = 1.

Before passing to the second-order analysis of C'¢, we characterize the subdif-
ferential mapping 9Cy. Recall that W, (with 1 < p < 400) is a reflexive Banach
space equipped with the norm

b 1/p
el = |x<a>||E+{ / |a'c<s>||%ds} .

In what follows, we identify
Wi :={y: [a,b] — E*: y is absolutely continuous and y € L.}

with the dual space of W}, and use the canonical pairing

b
(y,z) := (y(a), z(a)) +/ (y(s),2(s))ds forally e Wh.,x € WE.

a

Lemma 4.1. Suppose that the integrand f satisfies the basic assumptions (3.2)—
(3.4), with S = [a,b] and p €]1,4+o0[. Let Cy be finite at x € Wg. Then, a
necessary and sufficient condition for y € W, is a subgradient of Cy at x is that

(4.3) y(a) =0 and y(s) € If (s, x(s)) for a.e. s € [a,].

Proof. Clearly, the subdifferential of the composite function I o A admits the inner
estimate

0I5 0 A)(z) D A*[01(Ax)],
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where A*: LY. — W, stands for the adjoint operator associated to the continuous
linear operator A. As a matter of calculus, one sees that A* is given by

)
A%y = / v(s)ds for all v € L,..

Thus,

)
A*[0If(Ax)] = {/ v(s)ds: v € 3If(i:)}

={yeWi.:y(a) =0 and y € dI¢(&)}.

This shows that any function y € Wi, satisfying (4.3) is a subgradient of Cy at .
Conversely, take any y € 0C¢(x). From the definition of 0C¢(z) it follows that

b
Ir(0) > Ip(2) + (y(a),v(a) — z(a)) —|—/ (y(s),v(s) — &(s))ds for all v e WE.

This yields in particular

b
I(u) > I (2) +/ (§(s), u(s) — i(s))ds for all u € LY,
and
0> (y(a),d — z(a)) forallde E.
Hence, y € 0I¢(¢) and y(a) = 0. The proof of the lemma is now complete. O
Now we are ready to give a formula for the second-order subdifferential 92C¢ (z, y).

Proposition 4.1. Suppose f satisfies the basic assumptions (3.2)—(3.4), with S =
la,b] and p €]1,+00[. Let Cy be finite at x € Wk, and let y € Wi, be such that
condition (4.3) holds. Moreover, assume that the Mosco limit f"(s,z(s),y(s);-)
exists for all s € [a,b]. Then,

b
(4.4) Cf(x,y; h) = / F"(s,@(s),9(s); h(s))ds  for all h € WE,

and

(4.5) 0°Cy(w,y) = cl [U {zeWk.: z(a) =0 and
AEA

3(s) € MN(s)0%f(s,(s),9(s)) for a.e. s € [a,b]}|.

Proof. As a matter of computation one shows that the second-order differential
quotient 67C(z,y;-) is also a composite function; namely,

(4.6) 5;Cp(x,y;-) = 67 dp(d,3;) o A

To prove that the Mosco limit C}'(x,y; -) exists, we combine Theorem 3.1 and
the fact that Mosco convergence is preserved under composition with a surjective
continuous linear operator (cf. [Ri, Proposition 3.7]). By passing to the limit in
(4.6), one obtains

¥ (x,y; h) = If (&,9; Ah)  for all h € W,
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Formula (4.4) is proven in this way. Now we compute the second-order subdiffer-
ential

0*Cy(xy) = O[CF (x4 )] (0)-
By taking into account the equality
(CF (i )]F = 17 (&5:)]F 0 4,
one gets
0°Cy(x,y) = c{ A" [0 I¢ (&, 9)]}.
Theorem 3.2 yields in this case
(4.7) 9*Cy(z,y) = c{A*[cIM]},
with
M = U {we LY. : w(s) € MN(s)0*f(s,2(s),y(s)) for a.e. s € [a,b]}.
AEA

It can be shown that the set on the right-hand side of (4.7) remains unchanged if
one drops the closure operation on M, that is to say,

0°Cy(w,y) = cl{A"(M)}.
To complete the proof of formula (4.5), observe that

A*(M) = U {A*w: w(s) € M(5)0*f(s,2(s),y(s)) for a.e. s € [a,b]}
AEA
= U {z € Wk.: 2(a) =0 and 2(s) € A(5)0*f(s,2(s),9(s)) for a.e. s € [a,b]}.
AEA
O

Remark 4.1. The condition y(a) = 0 in (4.3) reflects the fact that the cost Cy(z)
associated to a trajectory x depends only on the velocity vector #. That the initial
state x(a) is of no relevance in the cost Cy(z), is also reflected at the second-order
level. This is why the condition z(a) = 0 shows up in formula (4.5).

4.2. Quadratic integral functionals and ellipsoids in L? spaces. There is a
one-to-one correspondence between the set Py of symmetric positive semidefinite
N x N matrices, and the set of ellipsoids in RY which are bounded and centered
at the origin. One can consider, for instance, the correspondence

R € Py — E(R) = 0Q%(0),
where
d € RY — Qgr(d) := (d, Rd)

is the quadratic form associated to R. The set E(R) is referred to as the ellipsoid
associated to R.

In the literature one can find a fairly complete set of calculus rules for combina-
tions of ellipsoids in a finite dimensional setting (cf., for instance, [Se5], [Se6], [Va],
[KV]). The purpose of this paragraph is to characterize the ellipsoid associated to
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a quadratic integral functional defined on a Hilbert space like L3, := L%N. More
precisely, we want to compute the ellipsoid

E(R) = 0Q%(0) = {z € L2 (2, h) < [(h, Rh)]* for all h € L3}
associated to a self-adjoint positive semidefinite operator R: L%, — L%. This
operator R is constructed from a family {Rs: s € S} of matrices in Py as follows:

(Rh)(s) = Rsh(s) for all s € S and h € L3
It is clear to see that fR is a self-adjoint operator, and that

he Ly — Qu(h) = (h,Rh) = /S (h(s), Roh(s))pu(ds)

is a nonnegative convex integral functional.
In the next proposition we express F(R) in terms of the family {E(Rs): s € S}.

Proposition 4.2. Let {Rs: s € S} be a family of matrices in Py such that

(4.8) for alld € RN, s € S — (d, Ryd) is measurable,
(4.9) s € S ||Ry| := [trace(R2)]Y/? is bounded.
Then,

E(R) =l U {z € L%: 2(s) € \(s)E(Ry) for a.e. s € S}|.
AEA

Proof. Just apply Theorem 3.2 to the integrand S x RN s f(s,d) = 3(d, R,d). O

5. CONCLUSIONS

A generalized second-order derivative F”(Z,7;-) of a function F' € T'g(X) is
obtained by taking the limit (as ¢ goes to 07) of a second-order differential quotient
like 62F(,7; ). There are several reasons why we have chosen the convergence of
functions, defined on a reflexive Banach space X, to be understood in the sense of
Mosco. Among these reasons we mention:

(a) Mosco convergence yields a second-order derivative concept with good duality
and variational properties (cf. [Do2]);

(b) as shown in Theorem 2.1, Mosco convergence allows us to recover the second-
order subdifferential 92F (Z,7) form the family {Qﬁ]F(E, 7)}e>0 of approximate
second-order subdifferentials;

(¢) The existence of the Mosco limit F”(Z,7;-) can be characterized in several
equivalent ways: in terms of support functions (Corollary 2.1), distance functions
(Corollary 2.2), or projection mappings (Corollary 2.3);

(d) Salvadori’s lemma [Lemma 3.1] shows that Mosco limits are preserved under
the integral sign. This fact allows us to characterize the second-order derivative
I}'(f, 7;-) of a convex integral functional Iy. In Theorem 3.1, we show that Do’s
formula for I7(Z,7; -) remains true even if Iy is defined over a Banach space which
is not necessarily reflexive.

Besides the above mentioned results, the present work has further merits. In
Theorem 3.2 we establish a formula for the second-order subdifferential 921 (T, 7).
Then, we apply this formula to a problem of calculus of variations (Proposition 4.1),
and to the study of ellipsoidal sets in L2-spaces (Proposition 4.2).
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We would like to thank the referee for bringing the reference [Le] to our attention.
In this reference, A. B. Levy considers a nonconvex integral functional I defined
over LE, (1 < p < 00). His Theorem 1.4 shows that Do’s formula (3.8) remains true
if the second derivative I }’ (Z,7; ) is understood in the strong-epigraphical sense,
and if f satisfies an extra assumption, namely, a second-order uniform boundedness
condition. As mentioned in [Le, Corollary 1.5], this extra assumption is not needed
in a convex setting. Levy’s results and ours are not really comparable. On the
one hand side, Mosco-convergence is harder to obtain than strong epigraphical
convergence. On the other hand, Levy goes beyond convexity, but under an extra
boundedness assumption. The concept of second-order subdifferential 6%1¢(7,7)
makes sense only in a convex setting, and it is not considered in [Le].

APPENDIX

The following abstract lemma has been used in Sections 2 and 3. In a finite
dimensional setting, and with a different proof, it appears already in Rockafeller
[Rol, Corollary 15.3.2].

Lemma A. Let (V,V*) be a couple of locally convex topological linear spaces in
duality by means of a bilinear form {(-,-): V* x V. — R. Let r,s €|1,4o00[ be
conjugate numbers, i.e., v~ +s~t = 1. Suppose that b: V — [0,+00] is a conver
lower-semicontinuous function satisfying

b(0) = 0 and b(awv) = a’b(v) for all a >0 and v € V.
Then, the sets
{sb<1} :={veV:sbv) <1}
and
{rb* <1} :={w e V*: rb"(w) <1}
are polar to each other.
Proof. From Fenchel’s inequality
(w,v) <b*(w) +b(v) for allw € V* and v €V,
it follows that
(w,v) <1forall w e {rb* <1} and v € {sb < 1},
and consequently,
{rb* <1} c {sb < 1}°.

To prove the reverse inclusion, take an arbitrary element w in {sb < 1}, that is to
say,

(w,v) <1 for all v € V such that sb(v) < 1.
We need to show that b*(w) < r~!. We write then

b* (1) = Sup{{w, v) — b{v)} = Sup ko (w),
veV a>0

where

ko(w) := Sup{{w,v) — b(v) : sb(v) = a”}.
veV
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For ao = 0, one can show that k,(w) = 0. For a > 0, one has
ko(w) = Sup{{(w,v) —a®/s: sb(v) = a’}
veV

= Sup{a(w,v) —a’/s: sb(v) = 1}
veV

<a-—a’/s.

In this way we have proven that k,(w) < 7! for all @ > 0, and therefore, b* (w) <
rL. O
REFERENCES
[At] H. Attouch, Variational convergence for functions and operators, Pitman, London, 1984.

MR 86£:49002

[BF] J. Borwein and S. Fitzpatrick, Mosco convergence and the Kadec property, Proc. Amer.
Math. Soc. 106 (1989), 843-851. MR 90i:46025

[BL] G. Beer and R. Lucchetti, Minima of quasi-convex functions, Optimization 20 (1989),
581-596. MR 90i:49010

[BN] J. Borwein and D. Noll, Second-order differentiability of convex functions in Banach
spaces, Trans. Amer. Math. Soc. 342 (1994), 43-81. MR 94e:46076

[BP] V. Barbu and T. Precupanu, Convexity and optimization in Banach spaces, East Euro-
pean Series in Mathematics and its Applications, D. Reidel Publishing Co., 1986. MR
87k:49045

[BRW] G. Beer, R. T. Rockafellar and R. J.-B. Wets, A characterization of epi-convergence in
terms of level sets, Proc. Amer. Math. Soc. 116 (1992), 753-761. MR 93a:49006

[Bu] M. Bustos, Conditions d’optimalité a e-prés dans un probleme d’optimisation non
différentiable, Ph.D. Thesis, Université Paul Sabatier, Toulouse, 1989.

[Dol] C. N. Do, Second-order nonsmooth analysis and sensitivity in optimization problems in-
volving convez integral functionals, Ph.D. Thesis, University of Washington, Seattle, 1989.

, Generalized second-order derivatives of convexr functions in reflexive Banach
spaces, Trans. Amer. Math. Soc. 334 (1992), 281-301. MR 93a:49011

[Hi] J.-B. Hiriart-Urruty, A new set-valued second-order derivative for convexr functions, In
“Mathematics for Optimization”, J.-B. Hiriart-Urruty, Ed., Mathematical Studies Series,
Vol. 129, North-Holland, Amsterdam, 1986. MR 88d:90092

[Ho] L. Hormander, Sur la fonction d’appui des ensembles convexes dans un espace localement
conveze, Ark. Mat. 3 (1955), 181-186. MR 16:831e

[HS1] J.-B. Hiriart-Urruty and A. Seeger, Régles de calcul sur le sous-différential second d’une
fonction conveze, C. R. Acad. Sci. Paris Sér. I 304 (1987), 259-262. MR 88h:90167

[Do2]

[HS2] , Calculus rules on a new set-valued second-order derivative for convex functions,
Nonlinear Anal. 13 (1989), 721-738. MR 90e:26024
[HS3] , The second-order subdifferential and the Dupin indicatrices of a nondifferentiable

conver function, Proc. London Math. Soc. 58 (1989), 351-365. MR 90c:26041

[J7T] J. J. Joly and F. de Thelin, Convergence of convex integrals in LP spaces, J. Math. Anal.
Appl. 54 (1976), 230-244. MR 54:1049

[KV] A. B. Kurzhanski and 1. Valyi, Ellipsoidal techniques for dynamic systems: the problem
of control synthesis, Dynamics Control 1 (1991), 357-378. MR 93a:93012

[Le] A. B. Levy, Second-order epi-derivatives of integral functionals, Set-Valued Analysis 1
(1993), 379-392. MR 95e:49025

[Mol] U. Mosco, Convergence of convex sets and of solutions of variational inequalities, Ad-
vances in Math. 3 (1969), 510-585. MR 45:7560

, On the continuity of the Young-Fenchel transform, J. Math. Anal. Appl. 35
(1971), 518-535. MR 44:817

[Nol] D. Noll, Second-order differentiability of integral functionals on Sobolev spaces and L?-
spaces, J. Reine Angew. Math. 436 (1993), 1-17. MR 94g:49035

, Graphical methods in first- and second-order differentiability theory of integral

functionals, Set-convergence in nonlinear analysis and optimization, H. Attouch and M.

Thera, Eds., Set-Valued Analysis 2 (1994), 241-258. MR 95c¢:49023

[Mo2]

[No2]




[Pe]
[Ri]
[Rol]
[Ro2]
[Ro3]
[Ro4]
[Rob)
[Ro6]
[S]
[Sa]
[Sel]
[Se2]
[Se3)]
[Se4]
[Ses)]
[Se6]

[So]

[Va]

[Vo]

CONVEX INTEGRAL FUNCTIONALS 3711

J.-P. Penot, Sub-hessians, super-hessians and conjugation, Nonlinear Anal. 23 (1994),
689-702. MR 95h:49025

H. Riahi, Quelques résultats de stabilité en analyse épigraphique: approche topologique et
quantitative, Ph.D. Thesis, Université Montpellier II, 1989.

R. T. Rockafellar, Convex analysis, Princeton Univ. Press, Princeton, N.J., 1970. MR
43:445; MR 97m:49001

, Integrals which are convex functionals, Pacific J. Math. 24 (1968), 525-539. MR
38:4984

, Conjugate duality and optimization, Regional Conference Series in Applied Math-
ematics, Vol. 16, STAM Publications, 1973. MR 51:9811

, Mazimal monotone relations and the second derivatives of nonsmooth functions,
Ann. Inst. Poincaré 2 (1985), 167-184. MR 87c:49021

, First- and second-order epi-differentiability in nonlinear programming, Trans.
Amer. Math. Soc. 307 (1988), 75-108. MR 90a:90216

, Generalized second derivatives of convex functions and saddle functions, Trans.
Amer. Math. Soc. 322 (1990), 51-77. MR 91b:90190

Y. Sonntag, Convergence au sens de Mosco, théorie et applications a ’approzimation des
soutions d’inéquations, These d’état, Université de Provence, Marseille, 1982.

A. Salvadori, On the M -convergence for integral functionals on Lgc, Séminaire d’Analyse
Convexe, Exposé No. 5, Montpellier, 1985. MR 87m:49038

A. Seeger, Analyse du second ordre de problémes non différentiables, Ph.D. Thesis, Uni-
versité Paul Sabatier, Toulouse, 1986.

, Complément de Schur et sous-différentiel du second ordre d’une fonction convezxe,
Aequationes Mathematicae 42 (1991), 47-71. MR 92e:49025

, Second derivatives of a convex function and of its Legendre-Fenchel transformate,
SIAM J. Optimization 2 (1992), 405-424. MR 93i:49024

, Limiting behavior of the approximate second-order subdifferential of a convex
function, J. Optim. Th. and Appl. 74 (1992), 527-544. MR 93h:49029

, Direct and inverse addition in convezr analysis and applications, J. Math. Anal.
Appl. 148 (1990), 317-349. MR 92b:90200

, Calculus rules for combinations of ellipsoids and applications, Bull. Austral.
Math. Soc. 47 (1993), 1-12. MR 94e:52005

M. Soueycatt, Epi-convergence et convergence des sections. Applications a la stabilité des

e-points-selles de fonctions converes-concaves, Publications A.V.A.M.A.C., Université de
Perpignan, Vol. 2 (1987).

1. Valyi, Ellipsoidal approximations in problems of control, “Modelling and Adaptive Con-
trol”, C. I. Byrnes and A. B. Kurzhanski, Eds., Springer-Verlag, 1986. MR 89m:93050
M. Volle, Convergence en niveauz et en épigraphes, C. R. Acad. Sci. Paris Sér. I Math.
299 (1984), 295-298. MR 85h:90135

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AVIGNON, 33, RUE LoOUIS PASTEUR, 84000
AVIGNON, FRANCE



